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This paper aims to evince the corrections on the black string warped horizon in the braneworld 
paradigm, and their drastic physical consequences, as well as to provide subsequent applications 
in astrophysics. Our analysis concerning black holes on the brane departs from the Schwarzschild 
case, where the black string is unstable to large-scale perturbation. The cognizable measurability 
of the black string horizon corrections due to braneworld effects is investigated, as well as their 
applications in the variation of quasars luminosity. We delve into the case wherein two solutions of 
Einstein's equations proposed by Casadio, Fabbri, and Mazzacurati, regarding black hole metrics 
presenting a post-Newtonian parameter measured on the brane. In this scenario, it is possible to 
analyze purely the braneworld corrected variation in quasars luminosity, by an appropriate choice 
of the post-Newtonian parameter that precludes Hawking radiation on the brane: the variation in 
quasars luminosity is uniquely provided by pure braneworld effects, as the Hawking radiation on 
the brane is suppressed. 

PACS numbers: 04.50.Gh, 04.50.-h, ll.25.-w 



I. INTRODUCTION 

Black holes solutions of Einstein equations in general relativity are useful tools to investigate the space-time structure 
and underlying models for gravity and its quantum effects, as well as to study the astrophysics regarding supermassive 
objects, for instance. Extra-dimensional space-times are scenarios for extensions of the general relativity, providing 
solutions to the Einstein's field equations, as black holes metrics in higher dimensions, and some ensuing applications 
to cosmology in such a context. In addition, the recent effort to deal with the hierarchy problem, by inducing gravity to 
leak into extra dimensions [Tj, is explored in braneworld models. They are based on M-theory and string theory [5H1]. 
In particular, an useful approach to deal with the hierarchy is provided an effective 5D reduction of the Hof ava-Witten 
theory EE]. 

Impelled by a thorough development concerning gravity on 5D braneworld scenarios and some applications, in 
particular the black holes/black strings horizons variations induced by braneworld effects, [7Ul2j . further aspects 
concerning corrections in the black string like objects and their warped horizons are here introduced. The Casadio- 
Fabbri-Mazzacurati metrics on the brane, namely the type I and type II black hole solutions [131 [TJ] are now analyzed 
and regarded as generating the bulk metric, inducing a black string like warped horizon. This procedure is well known 
for the Schwarzschild metric [9l Ell Q21 HI] • The Casadio-Fabbri-Mazzacurati metrics depart from the Schwarzschild 
solution, possessing a post-Newtonian parameter. For some particular choice of this parameter, the black hole Hawk- 
ing radiation on the brane is suppressed JT3J Q3] • The black holes Hawking radiation in braneworld scenarios was 
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comprehensively investigated in, e. g., [16l 117]. 

This article is organized as follows: in Sec.|nJ after presenting the Einstein field equations in the brane, the deviation 
in Newton's 4D gravitational potential is revisited. For a static spherical metric on the brane, the propagating effect 
of 5D gravity is evinced from the Taylor expansion (along the extra dimension) of the metric. Such expansion is 
accomplished in powers of the normal coordinate — out of the brane — which provides the black string warped horizon 
profile. Such expansion can provide the bulk metric uniquely from the metric on the brane. In Sec. |III[ the type I and 
type II Casadio-Fabbri-Mazzacurati black string solutions and their respective warped horizons are obtained, analyzed 
and depicted. We analyze such solutions in the particular case where the associated post-Newtonian parameter makes 
the black hole Hawking radiation to be suppressed. Such analysis has paramount importance, since to measure pure 



effects to the corrections (by braneworld effects) for quasars luminosity is aimed. In Sec. IV for an illustrative model 
for accretion in a supermassive black hole, the variation of luminosity in quasars is investigated more precisely for 
the two models provided by Casadio-Fabbri-Mazzacurati, and compared to the pure Schwarzschild black string. The 
correction effects on the black string warped horizon, induced and generated by braneworld models, preclude the 
Hawking radiation on the brane for the above mentioned suitable choice of the post-Newtonian parameter. All results 
are illustrated by graphics and figures, and the quasars luminosity provided by the Casadio-Fabbri-Mazzacurati black 
hole solution is compared with the Schwarzschild one. 

II. BLACK STRING BEHAVIOR ALONG THE EXTRA DIMENSION 

Hereupon the notation in [T3 HB1 US] is adopted, where {Op}, n = 0,1,2,3, typify a basis for the cotangent space 
T*M at a point a; on a brane M embedded in a bulk. A frame 9 A — dx A (A = 0, 1,2,3,4) in the bulk is represented in 
local coordinates. In the brane defined by y — 0, [hereon y denotes the associated Gaussian coordinate] dy = nj, L dx A 
is orthogonal to the brane. The metric gAB<ix A dx B — g^ v {x a , y) dx^dx v + dy 2 endows the bulk, which is related to 
the brane metric <7 M „ by <7 M „ = g^ v — n^n u . The bulk indexes A, B = 0, ... ,3, as #44 = 1 and g M 4 = Hereupon 

the standard relations A4 = ^-^k|A 2 + A^j and k\ — |Ak| are considered, where A4 denotes the effective brane 

cosmological constant, and A is the brane tension. The constant K5 = 87rG5, where G5 is the 5D Newton gravitational 
constant, denotes the 5D gravitational coupling, related to the 4D gravitational constant G by G5 = G^pi anc k, where 
^Planck = \J Ghjc? is the Planck length. The junction condition provides the extrinsic curvature tensor K^ v = \£ rl g tlv 
by [El EQ] 

a^^-^Jt^ + ^a-t).^, (1) 

where T — T M M is the trace of the energy-momentum tensor. The 5D Weyl tensor is given by Cp Uap = ^ Rp U <rp ~ 
§(3[/iff^ Rv]p + 9[vp^ Rfi]<r) — \^ R{.9ii[<jgvp\), where ^R^vap denotes the components of the bulk Riemann tensor 
(as usual ^R^v and ^R are the associated Ricci tensor and the scalar curvature). The trace- free and symmetric 
components, respectively denoted by 2? M „ Q = g^g^Cpca^rtP and = C 'p UIJ pn 'n p ', denote the magnetic and electric 
Weyl tensor components, respectively. 

A. Brane field equations 

The Einstein brane field equations can be expressed as 

Gp V = -E^ - ~A Bgiu/ + \k\ (T 2 - T aP T^) + TT„ V - T^T" 

The Weyl tensor electric term £ M „ carries an imprint of high-energy effects sourcing Kaluza-Klein (KK) modes. The 
gravitational potential V(r) = associated to the 4D classical gravity, is corrected by extra-dimensional effects 

mm- 

, . GM ( 2£ 2 \ 
V(r) = ^r (1+3^ + - • (2) 



The parameter t is associated with the bulk curvature radius and corresponds to the effective size of the extra dimension 
probed by a 5D graviton [5] US] [21] . Indeed, the contribution of the massive KK modes sums to a correction of the 
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4D potential. At small scales r <C £, one obtains the 5D features related to the potential V(r) sw GMljr 2 . For r»f 
the potential is provided by ([2]) reinforcing the gravitational field [5J [TOl [T5] . 

Considering vacuum on the brane, where = outside a black hole, the field equations = —E^u — ^A^g^ 
and R = = £ M M hold for braneworlds with Z2-symmetry. The vacuum field equations in the brane are E^ = —R^, 
where the bulk cosmological constant is comprised into the warp factor. The bulk can host for instance a plethora 
of non standard model fields, as dilatonic or moduli fields [22]. Although a Taylor expansion of the metric was used 
to probe properties of a black hole on the brane in, e. g., [T5J [53], in order to enhance the range of our analysis 
throughout this paper a more complete approach to analyze braneworld corrections in the black string profile can be 
accomplished, based on [T2] . 

A Taylor expansion of the metric along the extra dimension allows us to analyze the black string more deeply. The 
effective field equations are complemented by other ones, obtained from the 5D Einstein and Bianchi equations in 
Refs. ,15, T8|I19]. Hereupon, since we are concerned with the Taylor expansion of the metric along the extra dimension 
up to the fourth order, besides the effective field equation £ n K^ = K pa K a u — E pv — ^A 5 g )Jil/ , the effective equations 
are considered: 



= V a B a(Mw) + {K m K v p - K a0 K^) K ap + K^R^p - KE^ + -A 5 (K^ - g^K) 



These expressions are used to compute the terms in the Taylor expansion of the metric, along the extra dimension, 
providing the black string profile and further physical consequences as well. The effective field equations above were 
employed to construct a covariant analysis of the weak field [T5]. Denoting K = the Taylor expansion is given 
by [H] [hereon we denote g^ v (x, 0) = g^]: 



9^u{x,y) = g^{x 7 0) - n\ 
1 



-E» v + -4 [T, a T a „ + | (A - T)T^\ + \ f i«*(A - Tf - A 5 j ,/„,. 
2K^ a K% - {£^K a v + K^ a E a v ) - l -A h K^ - V a B a{pv) + ^A 5 - g^K) 



+K a/3 R^vp + 3K a ^£ u ) a — KE^ + {K m K v p — K a pK^) K a(S — ^ 



3! 



■ + 



^ (r - ^ + K^j 9tkU + - A 5 ) K, a K% + (3K;< - K^K*") E v p 
(K a a K^ + + KK afs ) R mvfj - ^A 5 R^ + 2K l #K fi tr K° a K° + K ap K ap K 



e» a [ K u pK a P - 3K a a Kl + ~-KK\ 



[R - A 5 + 2K 2 )E^ - K^KvpE'* - 7 -K^K«R„ aafj - AK^R^ ia K 



4! 



(3) 



Such an expansion was analyzed in (151 24 only up to the second order, although it fizzled out to explain more 
reliably the black string horizon behavior along the extra dimension. In addition, this higher order expansion provides 
further physical features regarding variable tension braneworld scenarios, since the expansion terms beyond second 
order provide drastic modifications in the stability of black strings [T^]. For an alternative method which does not 
take into account the Z2-symmetry, and some subsequent applications, see |25j . 
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For a vacuum in the brane, Eq.([3| reads 



1 (I 



6 V 6 



niX 2 - A f 



5 I 9v>v 
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-a 5 ( (r~-a 5 ~—\ 2 4 

6 11 3 18 5 



^x i 4] g , l/ +U-A 5 + ^x 2 4)i) i . 



4! 



(4) 



This expression is shown to be prominently relevant for our subsequent analysis. 

Hereon, the black hole horizon evolution along the extra dimension — the warped horizon [26] — shall be investi- 
gated, exploring the component ggg(x,y) in Q. Indeed, let us consider any spherically symmetric metric associated 
to a black hole — in particular the Schwarzschild and the Casadio-Fabbri-Mazzacurati ones here investigated. Such 
metric has the radial coordinate given by y // ggg(x, 0) = r. The black hole solution, namely, the black string solution 
on the brane, is regarded when a/ ggg{x, 0) = R, where R denotes the coordinate singularity, usually calculated by 
the component = in the metric 1 . In the Schwarzschild metric R — Rs — 2< ^If ■ The coordinate singularities for 
the Casadio-Fabbri-Mazzacurati metrics are going to be analyzed in what follows, in the black string context as well. 
Such singularities shall be shown to be also physical singularities (associated to the black holes and the black strings 
as well), by analyzing their respective four- and 5D Kretschmann scalars. In other words, in the analysis regarding the 
black string behavior along the extra dimension, we are concerned merely about the warped horizon behavior, which 
is provided uniquely by the value for the metric on the brane \J ggg(x, y)\ r =R s ■ More specifically, the black string 
horizon for the Schwarzschild metric — or warped horizon [26] — is defined when the radial coordinate r has the 
value r = Rs = 2 M , which is obtained when the coefficient (l — 2< ^ 2 h r I ) = g rr of the term dr 2 in the metric goes to 
infinity [16] . It corresponds to the black hole horizon on the brane. On the another hand, the (squared) general radial 
coordinate in spherical coordinates legitimately appears as the term gggdO 2 = r 2 dd 2 in the Schwarzschild metric. Our 
analysis of the term ggg(x,y) (given by Eq.([3| for /i = 9 = v as the most general case, and provided by Eq.Q for 
the Schwarzschild metric) holds for any value r. In particular, the term originally coined "black string" corresponds 
to the Schwarzschild case [26], defined by the black hole horizon evolution along the extra dimension into the bulk. 
Hence, the black string regards solely the so called "warped horizon", which is ggg(x, y), for the particular case where 
r = Rs is a coordinate singularity. 



III. CASADIO-FABBRI-MAZZACURATI BRANEWORLD SOLUTIONS 



The analysis of the gravitational field equations on the brane is not straightforward, due to the fact that the 
propagation of gravity into the bulk does not allow a complete presentation of the brane gravitational field equations 
as a closed form system |18j . The investigation concerning the gravitational collapse on the brane is therefore very 
complicated |17j- The solutions provided by Casadio, Fabbri, and Mazzacurati for the brane black holes metrics 
[T31 1^31 [25] take into account the post-Newtonian parameter /3, measured on the brane. The case f3 = 1 generates 
forthwith an exact Schwarzschild solution on the brane, and elicits a black string prototype. Furthermore, it was 
observed in [T31 Q3] that f3 « 1 holds in solar system scales measurements [23] ■ The parameter j3 is, furthermore, 
capable to indicate and to measure the difference between the inertial mass and the gravitational mass of a test body. 
This parameter also affects the perihelion shift and provides the Nordtvedt effect [23]. Moreover, measuring (3 gives 
information about the vacuum energy of the braneworld or, equivalently, the cosmological constant [13| I14| I29j . 

One of the main motivation regarding the Casadio-Fabbri-Mazzacurati setup is that black holes solutions of the 
Einstein equations on the brane must depart from the Schwarzschild solution. In particular, the Schwarzschild asso- 
ciated black string is unstable to large-scale perturbations [3"U1 l3"T] : the associated Kretschmann scalar, regarding the 
5D curvature, diverges on the Cauchy horizon |13[ I15j. Indeed, it is important to emphasize that, as we shall see 
for the Casadio-Fabbri-Mazzacurati black string, it might be possible to find out points along the extra dimension 
for which the Kretschmann scalar = ^ R^upa^ 5 ' R^f" diverges, i. e., they are indeed naked singularities along 



Such calculation was also considered in Eq.(II.6) of |16j in the braneworld context. 



5 



the extra dimension. For instance, in order to identify singularities, for a Schwarzschild black string oc 1/r 6 [31j . 
Hence there is a line singularity at r = along the extra dimension, but not at the Schwarzschild horizon jTS], [55] . 
Since the pure black string configuration is unstable [30J, this structure is not physical ab initio. Anyway for y = 
one reproduces the Kretschmann scalars standard 4D behavior. For the Schwarzschild solution, the singularity on 
the brane extends into the bulk and makes the AdS horizon singular. The Casadio-Fabbri-Mazzacurati black string 
solutions and their respective braneworld corrections are going to be presented and their stability analyzed as well. 
For the sake of completeness the next Section is briefly devoted to the braneworld corrections to the Schwarzschild 
solution [71 ITS]. 

A static spherical metric on the brane is provided by g^ v dx^dx v = ~F(r)dt 2 + {H{r))~ l dr 2 + r 2 d£l 2 . The 
Schwarzschild metric is corresponds to F(r) = H(r) = 1 — ■ Obtaining such functions remains an open problem 
in the black hole theory on the brane [T3TU5] . Considering the Weyl tensor projected electric component on the brane 
See = [I5J yields [JJ] 



9ee{r,y) 



6 U 5 
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Note that obviously in the brane gee(r,0) 



[HII5, 32-36 as H{r) = 1 



2GM 



Defining ip(r) as the deviation from a Schwarzschild form for H(r) 



ip(r), for a large black hole with horizon scale r ^> I it follows from Eq.rt2fo that 



4GM£ 2 
3c 2 r 3 



(6) 



The formula above, together with Eq.Q, can be forthwith derived from the RS analysis concerning small gravitational 
fluctuations in terms of KK modes, where a curved background can support a bound state of the higher-dimensional 
graviton [5J [37] . Besides, the effect of the KK modes on the metric outside a specific matter distribution on the brane 
was incorporated by |37j in the form of the 1/r 3 correction to the gravitational potential. Such corrections in the 
inverse-square law were experimentally shown in [38] . 
Now, given a general static spherically symmetric 



g^dx^dx" = -N{r)dt 2 + A(r)dr 2 + r 2 dfl 2 , 



(7) 



the Casadio-Fabbri-Mazzacurati 4D black hole solution was obtained in [T3J [T3]. The Schwarzschild 4D metric is 
obtained when N(r) = (A(r)y 1 and N(r) = 1 - 2 ^ . Its unique extension into the bulk is a black string warped 
horizon, with the central singularity extending all along the extra dimension, and the bulk horizon singular [1311141 [3"T] . 
If the Schwarzschild metric on the brane is demanded with a regular AdS horizon, there is no matter confinement 
on the brane: in this case matter percolates into the bulk [36]. The condition N(r) = (A(r))^ 1 holds in the 4D case, 
although the most general solution is the Reissner-Nordstrom one [13] [2] [TH] , related to the case II analyzed in which 



= 1 



2GM 



follows. The case I below concerns the function N{r 
calculated. Both cases are profoundly investigated, as well as their prominent applications 



like the Schwarzschild case, but this time A(r) to be 



A. Casadio-Fabbri-Mazzacurati black string: Case I 

This case was analyzed by Casadio, Fabbri, and Mazzacurati in [Jj3 [J3], regarding the 4D black hole solution d7|). 
They obtained a solution of the Einstein's equations distinguished from the Schwarzschild one, provided by the metric 
coefficients 

1CM 1 — 3GM 

to be considered in (|7|). The solution ([8| depends on just one parameter and for M — > one recovers the Minkowski 
vacuum. 

The Casadio-Fabbri-Mazzacurati black string classical horizon, in the brane, is the solution of the algebraic equation 
(v4(r)) _1 = 0. In order to extract phenomenological information of numerical calculations, we first consider in this 
Subsection the case where j3 = 5/4. Indeed, our aim is to analyze the pure braneworld corrected effects on the 
variation of luminosity in quasars, composed by a black hole which presents Hawking radiation in the brane equal to 
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zero [13l[T4|. It makes feasible our analysis on the variation of quasars luminosity, purely due to braneworld effects. 
Hawking radiation in the context of black strings was investigated, e.g., in [TBI [35]. Note that the metric above was 
also derived as a possible geometry outside a star on the brane |28j. The corresponding Hawking temperature is 
calculated in [13 . In comparison with Schwarzschild black holes, the black hole provided by this solution is either 
hotter or colder, depending upon the sign of (/3 — 1). 

The extension of these solutions into the bulk has prominent importance addressed in [13] . For the Schwarzschild 
case, the singularity on the brane extends into the bulk and makes the AdS horizon singular. Notwithstanding, 
according to the analysis illustrated by the graphics below, Eq.(|3]) asserts that the black string solutions might be 
regular for supermassive black holes. 

Taking into account the metric in |7j), the classical standard black hole radius is given by — supposing r 7^ ^p^- 
— two solutions of Schwarzschild type Rg = 2G J^ 1 , for our choice of the parameter [3 = 5/4, providing zero Hawking 
black hole temperature. The assumption r 7^ 3GM/c 2 is quite natural: for this case the 4D Kretschmann scalar 
— R^pcyR^ 1 " 7 diverges for r — and r — (see the Appendix). Now, the Gauss equation is well known to 

relate the 5D and the 4D Riemann curvature tensor as 



(5) T>H _ dai 

L vpcj L vp<7 



K» D K V(T 



(9) 



By taking the junction conditions into account, where consequently = — (7) t „ + | (A — T)gn V ), for the 

vacuum case here considered is follows that = —^K^Xg^. By inserting it in the Gauss equation fl9|, it implies 
that the 5D Kretschmann scalar = ^ Ruv 'R^ L lpa for the Casadio-Fabbri-Mazzacurati type I black string also 
diverges for r = and r = 3 £t : the terms involving the extrinsic curvature in a9t above are not capable to cancel 



the divergence provided by the 4D Kretschmann scalar, in the computation for ^'K. 

Using the same procedure as [TUJ [T3], one can use the metric coefficients fl8| in Eq.Q and calculate the black 
string warped horizon. As asserted, for instance in [131 114] . this analysis can be attempted either numerically or by 
Taylor expanding all 5D metric elements in powers of the extra coordinate. In the graphics below, we explicit the 
value for the black string warped horizon, provided by yj ggg(Rs, y), where R$ is the Schwarzschild radius. Further, 
A = A = 1 = k 5 hereupon [M Q denotes the sun mass]: 
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FIG. 1: Graphic of the brane effect-corrected black string horizon yl gee(Rs >y) m t ne Casadio-Fabbri-Mazzacurati first solution, along 
the extra dimension y, for different values of the black hole mass M. For the dash-dotted line M = Mq; for the black dashed line: 
M = 10 Mq; for the thick black line: M = 10 2 M Q ; for the black dotted line: M = 10 3 M ; for the thick gray line M = 10 4 M ; for the 
gray dotted line M = 10 s Mq . 



Fig. 1 evinces a very interesting profile for the black string horizon behavior along the extra dimension y in gaussian 
coordinates. It indicates a critical mass M (indeed our simulations provide M ~ 73M ) above which the associated 
black string warped horizon monotonically increases along the extra dimension. The black string is known to be 
placed in the bulk, in a tubular neighborhood along the axis of symmetry. A singularity associated to the black string 
is a fixed point yo (fixed) in the axis of symmetry along the extra dimension, such that the black string transversal 
slice has radius equal to zero. We show here that at the coordinate singularities r = and r — 3 ^.2 / there is a 
physical singularity for the black string at such values, irrespective of the value for y. In fact, the Kretschmann scalar 
K = ( 5 ) Rfivpo-^ 5 ' Rvvpc diverges for such values (see the Appendix). Notwithstanding, the black string warped horizon 
y/ 'gge(Rs,y) does not equal to zero, as illustrated at the Fig. 1. 
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B. Casadio-Fabbri-Mazzacurati black string: Case II 



An alternative solution of |7| is obtained in p~3j [14] where the metric coefficients 

1 - 3GM/2c 2 r 

GM 
2c 2 r 



, 2GM 2G 2 M 2 fo 
N(r) = l-__ + _ s -( J 8-l), 



A(r) = 



1 



^) (1-1^(4/3-1)) 



(10) 



are considered in Q. In order that the Hawking temperature be zero on the brane, the choice j3 = 3/2 is demanded 
[13] . The classical solution R for the black hole horizon is given by R = Rs and i? = 5i?g/2, where i?s denotes 
the Schwarzschild radius. It implies that the black string horizon now corrected by braneworld effects when ( 10 ) is 
substituted in Q, providing the graphic below. 
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FIG. 2: Graphic of the brane effect-corrected Casadio-Fabbri-Mazzacurati type II black string horizon ^/ geg{Rs , J/)i along the extra 
dimension y, for different values of the black hole mass GM/c 2 in the brane. For the black dashed line M = Mq; for the gray line 
M = 10 Mq; for the black line: M = 10 2 Mq; the dash-dotted line: M = 10 3 M ; for the dotted line: M = 10 4 Mq ; for the gray dashed 
line M = 10 s Mq ; for the thick gray line M = 10 6 Mq . 



The black string horizon profile along the extra dimension is qualitatively similar for all values of M depicted here: 
the warped horizon always increases monotonically. Furthermore, under a similar analysis accomplished this time for 
the case II Casadio-Fabbri-Mazzacurati, and by taking into account the Kretschmann scalar (A2) in the Appendix, we 
conclude that such expression diverges for r = 3 rjr , for r = and r = 2 2 M . Contrary to the Schwarzschild metric, 
which presents the black hole horizon as a coordinate singularity — which can circumvented by, e. g., the Kruskal- 
Szekeres coordinates — and not as a physical singularity, the Kretschmann scalar for the Casadio-Fabbri-Mazzacurati 
case II metric indicates that each black hole horizon on the brane is a physical singularity, since it diverges for such 
values. Again, the terms involving the extrinsic curvature in ^ above are not able to cancel the divergence induced 
by the 4D Kretschmann scalar, when one calculates ^K. Hence, the black string also diverges for such values. 

Fig. 2 indicates that the Casadio-Fabbri-Mazzacurati (case II) black string horizon always increases. Since the bulk 
has no fixed metric a priori, but it can be calculated from (p| taking into account the metric on the brane, we can 
calculate the bulk curvature using the metric coefficients in pi). 

Compact sources on the brane, such as stars and black holes, have been investigated extensively. However, their 
description has proven rather complicated and there is little hope to obtain analytic solutions. The present literature 
does in fact provide solutions on the brane [131 [231 H31 HE] > perturbative results over the Randall-Sundrum background 
[3T1 1^2"] , and numerical treatments [55] . In [33] the luminosity dissipation, the conditions for which a collapsing star 
gcncrically evaporates and approaches the Hawking behavior as the (apparent) horizon is formed, are also analyzed. 



IV. CORRECTIONS IN THE LUMINOSITY: BRANEWORLD EFFECTS 



Once the black string behavior was previously analyzed along the extra dimension, we hereon aim to focus on 
the corrections now restricted to the phenomena on the brane. These corrections are shown here to induce dramatic 
consequences on the quasars luminosity variation, due to the braneworld model considered. Due to its prominent 
importance on the analysis hereupon, the effect of higher dimensions in the gravity sector might begin to make their 
presence felt as the black hole horizon is approached. The case of braneworld black holes horizon corrections is explored 
hereon. 

Quasars are astrophysical objects that can be found at large astronomical distances. Supermassive stars and the 
process of gravitational collapse are showed to be able to probe deviations from the 4D general relativity [10] . The 
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observation of quasars in X-ray band can constrain the measure of the bulk curvature radius £. Varied values for I 
were used and tested, and no qualitative deviations have been detected. Table-top tests of Newton's law currently find 
no deviations down to the order I < 0.1 mm. A more accurate magnitude limit improvement on the AdSs curvature 
£ is provided in [T3 HPJ by analyzing the existence of stellar-mass black holes on long time scales and of black hole 
X-ray binaries. Furthermore, the failure of current experiments using torsion pendulums and mechanical oscillators 
to observe departures from Newtonian gravity at small scales have set the upper limit of £ in the region £ < 0.2 mm 



Regarding a static black hole being accreted, in a straightforward model the accretion efficiency r\ is given by 

GM 



6c 2 R s ' 



(11) 



where Rs denotes the black hole horizon, namely the black string horizon in the brane). The event horizon of the 
supermassive black hole is 10 15 times bigger than the bulk curvature parameter £. This is not the case of mini black 
holes wherein the event horizon of magnitude orders smaller than £. As proved in |10j . the solution above for the 
black string horizon can be also found in terms of the curvature radius £ [S]. In the accretion rate model in [44] . 
observational data for the luminosity L estimates a value for £. The luminosity L, due to the accretion in a black hole 
composing a quasar, is a function of the bulk curvature radius parameter £, and provided by 



L(£) = rj(£)Mc 2 , 



(12) 



where M denotes the mass accretion rate. For a typical black hole of 10 M in a supermassive quasar, the accretion 
rate is M ss 2.1 x 10 19 kgs _1 [ID] . Supposing that the quasar radiates in the Eddington limit 44J L = L^dd ~ 
1.2 x 10 



15 



( M 



ergs 1 , the luminosity is given by L ~ 10 47 ergs 1 . From (11) and (12), the variation in the 



luminosity of a quasar composed by a supermassive black hole reads 



AL 



GM 



R 



bra 



Mcf 



1 

12 



Rs 



Rbia 



Mc 2 , 



(13) 



where -Rbranc = \f 96e{ r = Rs> y) denotes the black string corrected horizon. In the next Subsection the variation of the 
quasars luminosity for the two Casadio-Fabbri-Mazzacurati black holes are depicted and analyzed. Furthermore, the 
difference in the luminosity between the pure Schwarzschild and the case of the solutions ^ and ( 10 ) are computed 
and discussed in what follows. 



A. Corrections in the quasar luminosity for the both Casadio-Fabbri-Mazzacurati solutions 



We want now to analyze how the corrections for the metric coefficients due to braneworld effects in [3 |DJ HDJ US] 
can affect the luminosity emitted by quasars composed by black holes provided by the Casadio-Fabbri-Mazzacurati 
solutions (|7|), with coefficients ([8 10 ). The alteration in the black hole horizon definitely modifies the quasar luminosity. 
Its variation with respect to the pure Schwarzschild luminosity is provided by Eq.(13) and here depicted, for the 
Casadio-Fabbri-Mazzacurati type I metric: 



Relative AL 

0.2 r 



0.1 - 




FIG. 3: Graphic of the relative variation of the luminosity AL/Mc 2 in Casadio-Fabbri-Mazzacurati type I model as function of the black 
hole mass on the brane. For the dashed black line: M = 10 7 Mq; for the continuous black line: M = 1O 6 M0; for the dash-dotted line: 
M = 10 5 M Q ; for the dark dotted line: M = 10 4 M Q ; for the light-gray thick line: M = 10 3 M Q ; for the gray dashed line M = 1O 2 M . 
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Now the Casadio-Fabbri-Mazzacurati case II in Subsec. IIIB is analyzed, still adopting f3 — 3/2 in order to prevent 
Hawking radiation on the brane. It follows that similarly for the case I analyzed above, the corrected black string 
horizon on the brane (namely the black hole horizon). One can show that for the corrections on the black string 
horizon, as seen from the brane, AL ~ 10 30±1 ergs^ 1 , for a typical supermassive black hole with M m 10 9 M Q (case 



I and II respectively in the preceding Subsections III A and III B I . The figures below regard respectively the cases 



I and II of Casadio-Fabbri-Mazzacurati black strings horizon on the brane, analyzed in Sec. |III| In solar luminosity 
units Lq ~ 3.9 x 10 33 ergs -1 , the variation of luminosity of a supermassive black hole quasar due to the correction 
of the horizon in a braneworld scenario is given by AL ~ 10~ 3 Lq. Naturally, this small but cognizable correction 
in the horizon of supermassive black holes implies a consequent correction in the quasar luminosity, via accretion 
mechanism. This correction is clearly regarded in the luminosity integrated in all wavelength. The detection of these 
corrections works in particular selected wavelengths, since quasars emit radiation in the soft /hard X-ray band. We 
remark that the Schwarzschild braneworld corrected black string horizon on the brane was previously investigated in 
[TO] , and in that case AL ~ 1CT 5 L G . 

In addition, the variation of the quasar luminosity regarding the Casadio-Fabbri-Mazzacurati type II model, with 
respect to the pure Schwarzschild luminosity, is provided by Eq.(13) and here illustrated: 



Relative AL 

0.05 r 




FIG. 4: Graphic of the relative variation of the luminosity AL/Mc 2 in Casadio-Fabbri-Mazzacurati type II model as function of the 
black hole mass on the brane. For the continuous black thin line: M = 10 6 AfQ; for the dash-dotted line: M = 10 5 Mq; for the light-gray 
thick line: M = 1O 4 M ; for the gray dashed line At = 10 3 Af Q ; for the dark-gray thick line: At = 1O 2 M . 



Figs. 3 and 4 evince the variation in the quasars luminosity in the Casadio-Fabbri-Mazzacurati types I and II 
metrics, respectively Eqs. ([8 10 1, with respect to the Schwarzschild black hole luminosity. The graphics reveal that 
the luminosity variation of the Casadio-Fabbri-Mazzacurati black holes, corrected by braneworld effects, is smaller 
compared to the Schwarzschild case. The exception is the curve in Figure 3 above the horizontal axis, which illustrates 
the general behavior of the Casadio-Fabbri-Mazzacurati type I black string warped horizon, associated to a black hole 
mass M < 73M . 

Delving into the analysis concerning the figures above, the general different profile between the Casadio-Fabbri- 
Mazzacurati black string warped horizon and the Schwarzschild horizon is expected. Their ratio(s) provides the Figures 
3 and 4 by Eq.(13) and the profile is encrypted in the underlying structure of Eq. Q. Indeed, the warped horizon 
is provided by ygeeiRsi y) m Q when y, = v = 9. Besides, for the Schwarzschild metric the electric component of 
the Wcyl tensor Egg equals zero, what do not happen to the Casadio-Fabbri-Mazzacurati metrics. In dee d, taking into 

account the metric (7), in general Egg — ~^ + \ + (^^? ^ x) 7^ f° r tne coefficients in (8) and (10). 



As it is comprehensively discussed in [45-48 , the black hole may recoil away from the brane by the emission of 
Hawking radiation into the bulk, but not on the brane. We would like to emphasize that only mini black holes in the 
Randall-Sundrum model are prevented to recoil away from the brane into the bulk [46| . Notwithstanding, here the 
Randall-Sundrum model is not required and all information about the bulk can be extracted from the Casadio-Fabbri- 
Mazzacurati metrics on the brane — using ^ (and eventually further terms in \y\ k , for any k positive, according to 
the required precision in the Taylor approximation). We considered terms up to y 4 , since irrespective of the black 
hole horizon radius, the effective distance y along the extra dimension equals the compactification radius [15] , as well 
as the effective size of the extra dimension probed by a graviton. Besides, our procedure considers suitable values for 
the post-Newtonian parameter in order that the Hawking radiation on the brane is zero. The number of degrees of 
freedom of KK gravitons is much less than the number of standard model particles in the Hawking radiation in the 
bulk, and the black hole energy irradiated into the KK modes must be a small fraction of the total luminosity. Since 
the post-Newtonian parameter (3 was chosen to prevent Hawking radiation in the brane, standard model particles on 
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the brane with high enough energy — larger than electroweak energy scale — are capable to overcome the confining 
mechanism |16j . In this case the bulk standard model fields should be included among the KK modes. Such mechanism 
responsible for the possible black hole recoil from the brane corroborates to the astrophysical phenomenology described 
in the figures above: the physical black hole radii Rs = \J ' geei.Rs-, 0) are now effectively dislocated into the bulk, and 
given by i?t>ranc = V ' 9eo{Rs, v) i n Eq.(13|. Further discussion and details on the general behavior encoded in the 
figures are presented in the next Section. 



V. CONCLUDING REMARKS AND OUTLOOK 



Any phenomenologically successful theory in which our Universe is viewed as a brane must reproduce the large- 
scale predictions of general relativity on the brane. It implies that gravitational collapse of matter trapped on the 
brane provides the Casadio-Fabbri-Mazzacurati solutions on the brane: either a localized black hole or an extended 
black string solution, possessing a warped horizon. It is possible to intersect this solution with a vacuum domain 
wall and the induced metric is the ones presented in the analysis in Subsections |III A| and |IIIB| In the case I, our 
analysis is restricted to the case where /3 = 5/4 since for this values there is a zero (Hawking) temperature black 
hole associated [13] [H] . Since we want to extract physical information on the braneworld effects on the variation of 
luminosity exclusively, we opted for this value for the parameter (3, in such a way that the graphics, concerning this 
variation on the luminosity, take into account exclusively the braneworld effects, since Hawking radiation is shown 
to be suppressed with j3 = 5/4 for this metric. Analogously, for the case II the analysis is accomplished taking into 
account the value j3 = 3/2 in Eq.(10), as already discussed. 

For the Casadio-Fabbri-Mazzacurati (types I and II) black holes the variation of luminosity of a supermassive black 
hole quasar due to the correction of the horizon in a braneworld scenario is given by AL ~ 10 -3 Lq. On the other 
hand, the Schwarzschild braneworld corrected black string horizon on the brane was previously investigated in [10) . 
and in that case AL ~ 10~ 5 Lq. It shows that the Casadio-Fabbri-Mazzacurati black hole solutions, containing the 
post-Newtonian parameter, can probe two orders of magnitude more the variation in the quasars luminosity. 

Figs. 1 and 2 encode the brane effect-corrected black string horizon, respectively for the first and second black 
hole solution proposed by Casadio, Fabbri, and Mazzacurati, along the extra dimension y. The black string horizon 
behavior is obviously different for distinct values for the black hole mass. For the second case, the warped horizon is 
always an increasing function of the extra dimension. For the first one, instead, it holds only for a black hole with 
mass M > 73Af . Otherwise, the warped horizon is a decreasing function along the extra dimension. 

Once the corrections related to the black string horizon behavior along the extra dimension are obtained, we focused 
on how such corrections can also alter the black string warped horizon. Our results are exposed and conflated in Figs. 
3 and 4 illustrating the variation of luminosity of quasars — supermassive black holes — when the Hawking radiation 
in the brane is precluded, and the pure braneworld effect can be analyzed. The corrections of the luminosity regarding 
the Schwarzschild black string, along the extra dimension, can be probed by a black hole by recoil effects from the 
brane. The variation of the quasar luminosity is considerable in this case. 

In [9] some properties of black holes were analyzed, in ADD pQ and Randall-Sundrum models. Mini black holes 
in ADD models have the first phase Hawking radiation mostly in the bulk and recoil effect to leave the brane. The 
analysis of the Casadio-Fabbri-Mazzacurati solutions in this paper sheds new light on mini black holes and their 
possible detection at LHC, since the preclusion of Hawking radiation can drastically modify the previous analysis 
about mini black holes in ADD and Randall-Sundrum braneworld models, as well as the mini black holes radiation 
in LHC measurements. The method here introduced can be immediately applied in such context. 
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Appendix A: Kretschmann scalars for Casadio-Fabbri-Mazzacurati metrics 



The 5D Kretschmann scalars associated to the black strings here discussed can be obtained by the 4D ones via 
Eq.@. 
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Since we aim to investigate the particular case where /3 = 5/4 where there is no Hawking radiation, and pure 
braneworld effects can be probed, for this case the 4D Kretschmann scalar = Rnupa-R^ 



\ivpo 

tensors used are the ones related to the Casadio-Fabbri-Mazzacurati case I — is given by 

2 

3 



where the Riemann 



\ c z r ) 
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which diverges at r — and r = 0. It agrees with the result in [T31 Q3] where oc (1 — f^v 



(Al) 

3GMA-4 for vames 



of r near to the respective singularity r 

e sp 

A 5GM 



associated Kretschmann scalar, in the specific case here considered /? 

^r o„2„. J 



3 ^,2 . Now, for the Casadio-Fabbri-Mazzacurati case II metric (10 1, the 

3/2 the expression above is led to 
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